We theoretically examine the interaction between two solitons in a double-mode optical fiber. The bound state between two solitons of different modes is investigated, including both dark and bright solitons. It is shown that interaction between dark solitons as well as between bright solitons is always attractive, but the interaction between bright and dark solitons may be repulsive. Analytical results are in agreement with numerical ones.
Since they were first observed, solitons in nonlinear single-mode optical fibers 1 have been the subject of numerous experimental and theoretical investigations because of their intriguing potential applications in optical communications. For optical communications it is important to understand the nature of the interaction between closely spaced solitons because this interaction may lead to pulse attraction and subsequent coalescence. Soliton interaction was investigated analytically and numerically in the framework of the unperturbed nonlinear Schrodinger equation (see, e.g., Refs. 2-4) as well as in the presence of various perturbations. 5 ' 6 The first experimental observation of interaction forces between solitons in optical fibers In the latter case the GVD is normal, and dark solitons may propagate without distortion. Most theoretical and experimental studies consider soliton dynamics and soliton interactions in singlemode fibers. The use of multimode optical fibers with slightly interacting wave modes should lead to new opportunities for high-bit-rate soliton-based optical communications. The influence of intermode coupling on nonlinear dynamics in optical fibers was first discussed by Hasegawa." In this Letter we analytically and numerically examine the intermode interaction of solitons in a doublemode optical fiber in which the coupling parameter is arbitrary. Analytical results are obtained for solitons with equal amplitudes that interact significantly (see, e.g., Ref. 5). The case of strongly overlapping solitons is investigated analytically for small coupling between the modes. We consider the interaction of two bright solitons or two dark solitons and the interaction of bright and dark solitons of different optical modes. For the case of significant coupling between modes we obtain numerical results that are in agreement with our theoretical predictions.
The interaction of two optical modes in a fiber is described by a system of coupled nonlinear Schrodinger equations,
where v and u are complex envelopes of the electric fields of the two modes. For simplicity we assume that the group velocities of the two modes in Eqs. (1) are equal. The signum functions ov and aru depend on the signs of the GVD in each mode, i.e., a = +1 for anomalous GVD and a = -1 for normal GVD. The variable z is the normalized distance of propagation along the fiber, and t is the normalized reduced time (see, e.g., Ref. 6). Substituting
into Eqs. (1), we obtain a more convenient system of equations for our analytical study,
The parameters El 
where a = -eA 2 , a = -2A 2 , and y = 2A 4 Fig. 1 for t V12 and t U12. We describe the dark soliton as a relatively large bright pulse with an intensity dip in I U12. When the relative shift between the bright and dark solitons is zero, relative motion between the solitons is absent [ Fig. 1(a) ]. For small initial shifts, however, the dark soliton repels the bright soliton [ Fig. 1(b) ].
It is interesting to note that the system [Eqs. (2)] has
another solution for a-, = -a,, = 1, which describes coupled dark and bright solitons, 1 4 , 1 5 e. The parameters a and j3 are used when considering dark solitons that have nonvanishing asymptotics at t -±-.
We consider z as an evolution variable. Thus Eqs. We introduce the parameter y in Eq. (3) so that Hint < -always. The last term in the Hamiltonian characterizes a cross-phase interaction between the modes.
For small e it is convenient to use the so-called perturbative Hamiltonian approach 13 to study soliton interaction analytically. Let us consider the various types of soliton interaction separately.
For the case of dark and bright solitons (a-= -a, = 1), the exact solution of Eqs. (2) 
where a = fa = --y = -2A 2 . This solution described the opposite situation, in which a bright soliton in the normal GVD regime couples through cross-phase modulation to a dark soliton in the anomalous GVD regime. In this case the perturbative analytical ap- proach is not valid because the interaction of the overlapping solitons is very strong, E > 2. Direct numerical simulation of this interaction demonstrates another type of instability. In this case new dark solitons are created that may slightly stabilize a relative shift of the solitons (Fig. 2) . The generation of solitons without a threshold is a feature of problems involvinig dark solitons.1 6 The analytical approach used above may also be useful to study the stability of solitons in birefringent 
where a = a = y = 0; for two coupled dark solitons (a-0 = au = -1) it has the form
where a = = -2n2= Let us investigate the intermode interaction of strongly overlapping bright solitons [Eq. (7)], i.e., the stability of the bright vector soliton. If the coupling parameter e is small and the relative distance between the pulses is A, then the effective interaction energy Hibt of the shifted solitons has the same form as in Eq. The oscillating motion of two coupled bright solitons is also observed for larger values of E. In Fig. 3 we demonstrate, as an example, this motion for E = 2/7 (separately for each mode). In summary, we have theoretically investigated the interaction of solitons belonging to different optical modes. We have shown that the interaction between two bright solitons or two dark solitons of equal amplitudes is always attractive but that the interaction of dark and bright solitons may be strongly repulsive. In the latter case the cross-phase modulation has an important influence on both the formation and interaction of the solitons.
In this Letter we have considered only the effects of changing the soliton positions on the stability of coupled solitons. In general situations we must also change the pulse widths. The corresponding results are similar to those presented here, and details will be published elsewhere.
